This article presents a numerical approximation of the initial-boundary nonlinear coupled viscous Burgers' equation based on spectral methods. A Jacobi-Gauss-Lobatto collocation (J-GL-C) scheme in combination with the implicit Runge-Kutta-Nyström (IRKN) scheme are employed to obtain highly accurate approximations to the mentioned problem. This J-GL-C method, based on Jacobi polynomials and Gauss-Lobatto quadrature integration, reduces solving the nonlinear coupled viscous Burgers' equation to a system of nonlinear ordinary differential equation which is far easier to solve. The given examples show, by selecting relatively few J-GL-C points, the accuracy of the approximations and the utility of the approach over other analytical or numerical methods. The illustrative examples demonstrate the accuracy, efficiency, and versatility of the proposed algorithm.
Introduction
In 1995, Esipov [1] introduced the coupled viscous Burgers' equations as a simple model of sedimentation or evolution of scaled volume concentrations of two kinds of particles in fluid suspensions or colloids, under the effect of gravity. Due to the wide range of application of Burgers' equation in the approximate theory of flow through a shock wave travelling in a viscous fluid [2] and in the Burger's model of turbulence [3] , Burgers' equation has been studied in many articles analytically and numerically. Abdou and Soliman [4] used the variational iteration approach to obtain solutions of Burgers' and coupled Burgers' equations. The combined Laplace transform and homotopy perturbation schemes have been applied by Aminikhah [5] to investigate exact solutions of the coupled Burger's equa-tion. A Chebyshev pseudospectral scheme was proposed to approximate the viscous coupled Burgers' equation in [6] . Kaya [7] employed Adomian decomposition scheme to approximate the viscous coupled Burgers' equation. A numerical scheme for an optimal control of the viscous Burgers' equation was obtained in [8] .
Spectral methods are global and numerical computational methods for solving linear and nonlinear initial-boundary partial differential equations [9] [10] [11] . A significant advantage of the spectral methods over the local methods is the high accuracy of spectral techniques [12] [13] [14] [15] [16] [17] . Spectral collocation method was proposed for approximating nonlinear differential equations [18] [19] [20] , integral equations [21, 22] , integro-differential equations [23, 24] , fractional orders differential equations [25] , function approximation and variational problems [26] .
As pointed out above, the collocation method has a wide range of application, due to its ease of use and adaptability in various problems [26, 27] , including variable coefficient [28] and nonlinear differential equations [29] . Due to the exponential rate of convergence obtained by collocation method, it is very useful in providing highly accurate solutions.
The Jacobi polynomials are the eigenfunctions of the singular Sturm-Liouville equation. There are several particular cases of them such as Legendre polynomials, all kinds of Chebyshev polynomials and Gegenbauer polynomials [30] . Also, the Jacobi polynomials have been used in a variety of applications due to their ability to approximate general classes of functions, some of which are the resolution of the Gibbs' phenomenon [31] , electrocardiogram data compression [32] and the solution to differential equations [33, 34] .
The main aim of this article is to extend the application of J-GL-C scheme for the approximate solutions of the coupled viscous Burgers' equations. The solutions ( ) and ( ) of such equations are approximated as N ( ) and N ( ) which can be expressed as a finite expansion of Jacobi polynomials for the space variables. These are then used to evaluate the spatial partial derivatives of finite expansion of N ( ) and N ( ) at the Jacobi-GaussLobatto (J-GL) quadrature points. Substituting these approximations in the mentioned equations provides a system of ordinary differential equations (SODEs) in time. This system may be approximated by IRKN scheme. This scheme is one of the suitable methods for solving SODEs of first order. This is the IRKN scheme having excellent stability properties, which allow us to reduce computational costs. In fact, this is the first work which employs J-GL-C scheme to approximate coupled viscous Burgers' equations. Indeed, with the freedom to select the Jacobi indexes θ and , the scheme can be calibrated for a wide variety of problems. This paper is organized as follows. The next section contains a review of the properties of Jacobi polynomial relevant to this paper. The J-GL-C scheme is implemented for the coupled viscous Burgers' equations in section 3. Section 4 is devoted to solve two test examples. Finally, some concluding remarks are given in the last section.
Jacobi polynomials
This section contains some basic knowledge of orthogonal Jacobi polynomials that are most relevant to spectral approximations [35] including Legendre and Chebyshev as two special cases. A basic property of the Jacobi polynomials is that they are the eigenfunctions to a singular Sturm-Liouville problem:
The Jacobi polynomials are generated from the three-term recurrence relation:
The Jacobi polynomials satisfy the relations
Moreover, the th derivative of J (θ ) ( ) can be obtained from
Let us define the space L 2 (θ ) with the weight function
The norm and the inner product of this weighted space are given by:
The set of
Jacobi spectral collocation scheme
This section develops the J-GL-C scheme to reduce the coupled viscous Burgers' equations to SODEs. The coupled viscous Burgers' equations are in the form [1, 4, 5, 36, 37] :
here η is a real constant, while α and β are arbitrary constants depending on the parameters of the proposed system (Stokes velocity of particles due to gravity, Peclet number and Brownian diffusivity), with the initialboundary conditions 
with the initial-boundary conditions
In the Jacobi collocation method for solving the coupled viscous Burgers' equations, the approximate solutions can be expressed as a truncated Jacobi series:
and in virtue of (4)- (5),
Now, the J-GL quadrature is used for evaluating the integrals in ( ) and ( ). For any ψ ∈ S 2N−1 (−1 1),
where S N (−1 1) is the set of polynomials of degree ≤ N, Making use of (4) and (12) into (11), then the coefficients ( ) and ( ) can be approximated at the J-GL nodes as
Accordingly, the approximate solutions in (10) can be rewritten as
Furthermore, the approximation of the spatial partial derivatives of first-order for ( ) and ( ) can be computed at the J-GL interpolation nodes as
where
Subsequently, the second-order spatial partial derivatives of ( (θ ) N ) and ( (θ ) N ) may be written at the same collocation nodes as
In the J-GL-C scheme the residual of (8) is set to zero at N − 1 of J-GL collocation nodes. Moreover, the four boundary conditions (9) are exactly satisfied at the nodes −1 and 1. Therefore, making use of (14)- (18), enable one to express the problem (8)- (9) in the forṁ
This provides a (2N − 2) SODEs of first order in the expansion coefficients ( ) and ( ) namelẏ
This means that the coupled viscous Burgers' equations (6)- (7) are transformed to the following SODEṡ
subject to
Finally, (21)- (22) can be rewritten into a matrix form of 2N − 2 system of first order ordinary differential equations (ODEs) with their vectors of initial values:u
whereu
The system of first order ODEs (23) can be solved by IRKN scheme.
Numerical results
To illustrate the accuracy and applicability of the proposed scheme in the present paper, two illustrative examples are implemented in this section. It is concluded that the proposed method with all choices of θ and is more accurate than the methods given in [6, 36, 37] . Consider the following two examples.
Example 1.
First, consider the coupled viscous Burgers equations in the following form:
where Our method for different choice of (θ ) and N=20 [36] for N=400 (0 0) ( (27) Here the absolute errors are defined by
where ( ), ( ) and ( ), ( ) are the exact and approximate solutions respectively. Moreover, the maxi- L ∞ for ( ) Our method for different choice of (θ ) and N=16 (θ ) [36] for N=100 [6] for N=15 [37] (0 0) ( (θ ) [36] for N=100 [6] for N=15 [37] (0 0) ( mum absolute errors are defined by
Maximum absolute errors of ( ) and ( ) related to (26)- (32) are listed in Table 1 using the proposed J-GL-C scheme for several choices of θ and N, compared with the exact solution given in [7] ( ) = ( ) = − sin( )
Moreover, Table 2 compares the results obtained by our method with those given by Mittal and Arora [36] showing that the results are very accurate for small values of N.
The approximate solutions ( ) and ( ) of problem (26) 
Example 2.
Consider the coupled viscous Burgers' equation: Table 4 compares the results obtained by our method and those given in [6] , [36] and [37] . It is concluded from these tables that the presented results are more accurate than the results given in [6, 36, 37] . The approximate solutions ( ) and ( ) of problem (31) From these figures, there is agreement between the approximate and exact solutions. Therefore, this example indicates that the proposed algorithm is accurate and that the spectral Jacobi collocation approximation compares favorably with the analytical solution.
Conclusion
In this article an efficient and accurate algorithm based on J-GL-C spectral method for the numerical solution of the coupled viscous Burgers' equations is proposed . The method is based upon reducing the mentioned problem into a SODEs in the expansion coefficient of the solution. Numerical examples were given to test the applicability and validity of the proposed algorithm. The numerical results explain that the proposed method is simple and accurate. Indeed, while a limited number of Jacobi collocation nodes are utilized, very accurate numerical results are obtained. Moreover, the proposed method can be extended to solve other related problems, such as the Burgers' vortex equation [38] .
